
A Direct Multisearch Filter Method for
Biobjective Optimization

Everton Jose da Silva
Advisor: Ana Luísa Custódio

Ph.D in Mathematics
Nova School of Science and Technology

PTDC/MAT-APL/28400/2017 UIDB/00297/2020
UI/BD/151246/2021 UIDP/00297/2020

Everton Silva (NOVA SST) DMS-Filter for Biobjective problems May, 2022 1 / 33



Outline

1 Introduction

2 Direct Multisearch Filter (DMS-Filter)

3 Convergence Results

4 Computational Results

5 Conclusions and Future Work



Outline

1 Introduction

2 Direct Multisearch Filter (DMS-Filter)

3 Convergence Results

4 Computational Results

5 Conclusions and Future Work



Multiobjective Optimization

min
𝑥∈Ω⊆ℝ𝑛

𝐹 (𝑥) =
(

𝑓1(𝑥), 𝑓2(𝑥),… , 𝑓𝑝(𝑥)
)⊤

𝑓𝑗 ∶ ℝ𝑛 → ℝ ∪ {+∞}, 𝑗 = 1, 2,… , 𝑝 ≥ 2

∙ Ω = 𝑋 ∩ {𝑥 ∈ ℝ𝑛 ∣ 𝐶(𝑥) ≤ 0} where 𝑋 is a full dimensional
polyhedron and 𝐶 ∶ ℝ𝑛 → (ℝ ∪ {+∞})𝑚

∙ objectives often conflicting
∙ expensive function evaluation
∙ impossible to use or approximate derivatives
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Motivation

∙ DMS → A. L. Custódio, J. F. A. Madeira, A. I. F. Vaz, and L. N.
Vicente. Direct multisearch for multiobjective optimization, SIAM J.
Optim. (2011), 21, 1109-1140

∙ DMS𝑑𝑒𝑛𝑠𝑒 → Asymptotically dense in the unit sphere
∙ DMS⊕ → Coordinate directions
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DMS - General Linear Constraints

- Set of poll directions conforms to the geometry of nearby constraints
- Proposed for single objective optimization in Abramson, Brezhneva,

Dennis, and Pingel [2008].

(in Kolda, Lewis, and Torczon [2003])
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Metrics for Performance Profiles (Dolan and Moré [2002])

∙ Purity
|𝐹𝑝,𝑠 ∩ 𝐹𝑝|

|𝐹𝑝,𝑠|

∙ Spreads Γ and Δ

Γ𝑝,𝑠 = max
𝑗∈{1,…,𝑚}

(

max
𝑖∈{0,…,𝑁}

{𝑑𝑖}
)

Δ = max
𝑗∈{1,…,𝑚}

(

𝑑0 + 𝑑𝑁 +
∑𝑁−1

𝑖=1 |𝑑𝑖 − 𝑑|

𝑑0 + 𝑑𝑁 + (𝑁 − 1)𝑑

)

∙ Hypervolume

𝐻𝐼𝑝,𝑠 = 𝑉 𝑜𝑙{𝑏 ∈ ℝ𝑚 ∣ 𝑏 ≤ 𝑈𝑝 ∧ ∃𝑎 ∈ 𝐹𝑝,𝑠 ∶ 𝑎 ≤ 𝑏}
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DMS - General Linear Constraints
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Motivation

∙ DMS → A. L. Custódio, J. F. A. Madeira, A. I. F. Vaz, and L. N.
Vicente. Direct multisearch for multiobjective optimization, SIAM J.
Optim. (2011), 21, 1109-1140

∙ DFMO → G. Liuzzi, S. Lucidi, and F. Rinaldi. A derivative-free
approach to constrained multiobjective nonsmooth optimization.
SIAM J. Optim. (2016), 26, 2744-2774

∙ 93 biobjective problems with nonlinear constraints and bounds
- number of variables between 3 and 30
- number of constraints between 1 and 29
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DMS - Nonlinear + Bound Constraints
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New Problem

∙ Extreme Barrier Function:

𝐹𝑋(𝑥) =
{

𝐹 (𝑥), if 𝑥 ∈ 𝑋
(+∞,+∞,… ,+∞)⊤, otherwise

∙ Constraint Violation function:

ℎ(𝑥) = ‖𝐶(𝑥)+‖22 =
𝑚
∑

𝑖=1
max{0, 𝑐𝑖(𝑥)}2

min
𝑥∈𝑋

(

𝑓1(𝑥), 𝑓2(𝑥),… , 𝑓𝑝(𝑥), ℎ(𝑥)
)⊤
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Filter Approach

The filter  is a set of nondominated points

A point 𝑥′ is said to be filtered by a filter  if any of the following
properties hold:

∙ There exists a point 𝑥 ∈  such that 𝑥′ ⪰ 𝑥;
∙ ℎ(𝑥′) > ℎ𝚖𝚊𝚡 for some positive finite upper bound ℎ𝚖𝚊𝚡
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DMS-Filter - Algorithmic Structure
Initialization: 𝛼0 > 0,

0 < 𝛽1 ≤ 𝛽2 < 1,
𝛾 ≥ 1, , ℎ𝚖𝚊𝚡,

and 0 ∶= {(𝑥0, 𝛼0)}

��

//
Selection of Poll center:

Order the filter 𝑘
in some way and

select a poll center.

��

oo

𝛼𝑘+1 ∈ [𝛼𝑘, 𝛾𝛼𝑘]

Poll step: Choose 𝐷𝑘 ⊆ .
Evaluate 𝐹𝑋 and ℎ

at the set of poll points
𝑃𝑘 ∶= {𝑥𝑘 + 𝛼𝑘𝑑 ∣ 𝑑 ∈ 𝐷𝑘}.

��

𝛼𝑘+1 ∈ [𝛽1𝛼𝑘, 𝛽2𝛼𝑘]OO

NO 𝑘+1 = 𝑘?

OO

YES
Solutions: 𝐿 ∶= {(𝑥, 𝛼) ∈  ∣ (𝐹𝑋(𝑥), ℎ(𝑥)) = (𝐹 (𝑥), 0)}.
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DMS-Filter – Poll Step
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Poll Center Selection

∙ Feasible to Infeasible ∙ Infeasible to Feasible
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Feasible poll center - Most Isolated Point

∙  ∩ Ω
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Feasible poll center - Most Isolated Point

𝛿𝑖,𝑗 = 𝑓𝑖+1,𝑗 − 𝑓𝑖,𝑗
for 𝑖 = 1, 2, 3 and 𝑗 = 1, 2.
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Feasible poll center - Most Isolated Point

𝛾1 =
𝛿3,2 + 𝛿1,1

2
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Feasible poll center - Most Isolated Point

𝛾2 =
𝛿3,2+𝛿2,2

2 + 𝛿1,1+𝛿2,1
2

2
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Feasible poll center - Most Isolated Point

𝛾3 =
𝛿2,2+𝛿1,2

2 + 𝛿2,1+𝛿3,1
2

2
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Feasible poll center - Most Isolated Point

𝛾4 =
𝛿1,2 + 𝛿3,1

2
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Infeasible poll center
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Globalization Strategies

Using Integer Lattices (Torczon [1997], Audet and Dennis [2002])
∙ requires only simple decrease
∙ poll directions and step size must satisfy integer/rational requirements

Imposing Sufficient Decrease (Kolda, Lewis, and Torczon [2003])
∙ use of a forcing function
𝜌 ∶ (0,+∞) → (0,+∞), continuous and nondecreasing, satisfying
𝜌(𝑡)∕𝑡 → 0 when 𝑡 ↓ 0

∙ 𝑥 is nondominated ⇔ (𝐹𝑋(𝑥), ℎ(𝑥)) ∉ 𝐷( , 𝜌(𝛼))
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Convergence Results

Theorem (Refining Subsequences)
There is at least a convergent refining subsequence of iterates {𝑥𝑘}𝑘∈𝐾 ,
corresponding to unsuccessful poll steps, with lim

𝑘∈𝐾
𝛼𝑘 = 0.

Let 𝑥 be the limit point of a convergent refining subsequence {𝑥𝑘}𝑘∈𝐾 .

Definition (Refining Directions)
Refining directions for 𝑥 are limit points of {𝑑𝑘∕‖𝑑𝑘‖}𝑘∈𝐾 , where 𝑑𝑘 ∈ 𝐷𝑘
and 𝑥𝑘 + 𝛼𝑘𝑑𝑘 ∈  ∶= {𝑥 ∈ 𝑋 ∣ ℎ(𝑥) ≤ ℎ𝚖𝚊𝚡}
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Convergence Results

Assume that 𝐹 and ℎ are Lipschitz continuous near 𝑥

Theorem
∙ {𝑥𝙸𝑘}𝑘∈𝐾 an infeasible refining subsequence converging to 𝑥 ∈ . If
𝑑 ∈ int(𝑇 𝐶𝑙

 (𝑥)) is a refining direction for 𝑥 then:

ℎ◦(𝑥; 𝑑) ≥ 0

∙ {𝑥𝙵𝑘}𝑘∈𝐾 a feasible refining subsequence converging to 𝑥 ∈ Ω. If
𝑑 ∈ int(𝑇 𝐶𝑙

Ω (𝑥)) is a refining direction for 𝑥 then:

∃𝑗 = 𝑗(𝑑) ∈ {1,… , 𝑝} such that 𝑓 ◦
𝑗 (𝑥; 𝑑) ≥ 0
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Numerical Settings

∙ Comparison among DFMO, DMS and DMS-Filter
∙ 93 biobjective problems with nonlinear constraints and bounds

- number of variables between 3 and 30
- number of constraints between 1 and 29

∙ Initialization with a feasible point
- Feasible point provided by Karmitsa [2007]

∙ Initialization in line
- 𝑛-points equally spaced in the line segment, joining the variable upper

and lower bounds
∙ Stopping criterion

∙ DMS and DMS-Filter:
- 𝛼𝑘 < 10−3 for all points in the filter

∙ DFMO:
- default values

- maximum of 20000 function evaluations
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Results - Purity
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Results - Spread Gamma (Γ)
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Results - Spread Delta (Δ)
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Results - Hypervolume
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Results - DMS-Filter(line,n) VS DFMO
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Conclusions and Future Work

∙ DMS-Filter extends filter methods to constrained Multiobjective
Derivative-free Optimization

∙ DMS-Filter presents a well-supported convergence analysis for both
globalization strategies

∙ DMS-Filter presents competitive numerical results for constrained
Biobjective Derivative-free Optimization Problems

∙ Future work comprises extending the approach to problems with more
than two objectives
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